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1 Introduction

We consider the following 1-dim SDE:
dX: = o(X,)d°B;, te(0,1],
Xo = X0,

where B is a 1-dim. fBm on (2, F, P) with the Hurst parameter
0 < H < 1. The solution is expressed by X; = ¢(xo, B;).

Remark 1. FBm B is a conti. centered Gaussian proc. with
1
E[B,B,] = 5(52” + 2 — |s — t*H)
for some 0 < H < 1. Note that
e BisaBmif H=1/2, else Bis NOT a semimartingale.

e Bis (H — ¢)-Hdlder continuous.

The Crank-Nicholson scheme {X(™1}2_, is defined by the so-
lution to the equation:

)%ém) = Xo
Xm _ g % (7 (R™) + o (X52)) (B~ Bio-n),
te (k2™ (k+1)27"].

2 Main theorem

Assumption 2. Assume 1/3 < H < 1/2 and
0 € G5(R; R),
Theorem 3 (N). Under Assumption 2, we have

sup|a’| > 0, inf|o| > 0.

lim (B, 2m(3H-1/2)(F(m) _ X))

o B (B,a(X)f&”./o'g(XS)dWS)

weakly in D([0, 1]; R?), where c3 1y > 0, i = (02)" /24, and W is
a standard Brownian motion independent of B.

3 Proof

We have 5 steps in order to prove the main theorem.

3.1 Analysis of the Hermite variations

Letg>2andf € ij,y

(R;R). Put
[2mt]—1
f(Biii1ya-m) + F(Bia-m)
(m) _ 5—m/2 (k+1)2 k2
Gq (t) =2 Z 2

k=0
X Hq(2mHABk27m),
where H, denotes the g-th Hermite polynomial.
Proposition 4 (N). If1/2q < H < 1 —1/2q, then we have

lim (B, Gi™) = (B,cqu/OA f(Bs)dWS)

m—0o0

weakly in weakly in D([0, 1]; R?).

3.2 Expression of the Crank-Nicholson sheme
Proposition 5 ([1]). Under Assumption 2, X(™ satisfies

XM~ (xo, Birm + U£’2",)m>

= Xia-n + 0(Xa-n) U3 + O((U32)?),

where U™ is defined by US™ = 0 and

U)o = UG + 6 (R0 ) (DB

+ £ (RE) (8B w)* + 0 (LB w)?)

where f; = (02)" /24 and f, = o(0?)" /48.

3.3 Decomposition into the main term and the
remainders

Proposition 6 (N). Under Assumption 2, we have the expan-
sion, forevery a > 1,

ulm — za: P(mh) | 0(2’"("+1)(AB)3(“+1)),
=1
where ¢\ s definde by ®{™" = 0 and
‘p((:q#ll))zfm = O3 + £ (Xia-n) (ABipn)’
+ fa (Xiz—m) (ABszm)4 '
and, for g > 2, (™9 s also defined explicitly.

3.4 Convergence of the main term

Proposition 7 (N). Under Assumption 2, we have

lim (B, 2mGH=1/2) p(m1)) — (B, c3,H/ h(BS)dWS)
0

m—00

weakly in D([0, 1]; R?).

Proof. Put h(n) = f(¢(x0,n)). Then we have
2m(3H71/2) (D(m,l)

[2m]-1

1
=2 m? Z (h(Bszm) + §h/(3k27m)) (2" ABio-n)?

k=0

Using the Taylor formula, €3 = H;(¢) + 3¢ and Proposition 4, we
have the assertion. O

3.5 Convergence of the remainders

By long calculation, we have ¢(™#) — 0 for 3 > 2.
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