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1. Introduction

Half space : (t,z) € (0,00) x R4

e Damped wave equation with a nonlinear convection term

(Ut — uze + ur + f(u)z = 0,
9 U(O,QZ‘) — ’U,O(a?), Ut(O,CE) — U]_(CC), (1)
L u(t,0) = wuyp,.
where
u: (0,00) x Ry — R ; unknown function,
f: R — R ; given smooth function with f(0) = 0.
AssumptionO ug(z) - 0 (2 — 00), up < 0
Our Aim

Derive the asymptotic stability of the corresponding stationary wave
for the damped wave equation (1) with non-convex convection term
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Condition of flux f(u)

o f(u)>0, I (w)] <1 for u € [uy, O]
— Obtained asymptotic stability and convergence rate. (U '08)

e /7(0)>0, [|ff(O)]<1, f(u)>0 for u € [up, O] (2)
— Obtained asymptotic stability for viscous conservation laws.
( ut + f(u)gz = uge, Hashimoto-Matsumura '08 )

We get the asymptotic stability and the convergence rate for problem
(1) under the condition (2).

e Convex e Non-convex

f(é)
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Stationary wave ¢(x)

Stationary problem

{ — ¢zz + f(@)z = 0O,

$(0) = uy, lim ¢(z) = 0.
Y
f(¢) = ¢z
e Non-degenerate ) e Degenerate
£(¢) \ (o)
%

-




~-Lemma 1. (Hashimoto-Matsumura '08)

e f'(0) <0 <= (3) has a unique solution ¢

(i) In the Non-degenerate case f/(0) < 0O

up < uyg (= 0) == ¢(x) is monotone increasingD 00000

OF(p(2) —ug)| < Coe™ (8 :=|wyl, k> 0).

(ii) In the Degenerate case f/(0) = 00O

up < uy4(=0) == ¢(x) is monotone increasingd 00

L 05k+1




Known result
~ Viscous conservation law (u; + f(u)r = uzz) ~

Liu-Matsumura-Nishihara '98 ... ||lu — ¢||fc =0 as t— o0
(¢ : Stationary wave)

Kawashima-Nishibata-Nishikawa '03 ... [Ju — @[z < C(1 +t)~%/2
(¢ : Non-degenerate stationary wave)
Kawashima-Nakamura-U '07 ... |ju— ||z < C(1 4 t)~ /4
(¢ : Degenerate stationary wave)
Hashimoto-Matsumura '08 ... |lu —¢|lfc— 0 as t— oo
. (¢ : Stationary wave, f: Non—convex))
- Damped wave eq. with nonlinear convection ———
U 'oe ...........
|lu — @l|foc = 0 as t— oo (¢ : Stationary wave)
|lu — || e < C(1 + £)~%/2 (4 : Non-degenerate stationary wave)
_Kawashima-Nakamura-U '07 ... [lu—¢|z~ < C(1+ £)—a/4

(¢ : Degenerate stationary wa6ve))




Notation
L2(Ry) = {u ‘||u||L2 - /OOO ()| 2dz < oo},

HYRy) = {uec L?(Ry) | uz € L*(Ry)},

[l
Non-convex condition of flux f(u)

o f7(0)>0, [f(O)]<1, f(u)>0 for u € [ug, O]

- Theorem 2. (Asymptotic stability)

ug—¢ € HY, wuy € L%, Ep:=|lug— ¢l + llual 2 < 1.
— J1u(t,z): Time global solution of (1) s.t.
u— ¢ € C’([O, 0); Hl(R_l_)) N C’l([O, 0); LQ(R_l_)).

[u(t) — ¢llre — O, t — oo.

N

Assume the non-convex condition. ¢(x) : Stationary wave.

J

Note that Theorem 2 includes the known result which derived by U'08.



Notation
L2Ry) = {u [llullzz = [~ (1 +1a)lu(@) 2z < oo},

HI(Ry) = {ue€ L2(Ry) | us € L2(Ry)},

2 >° 2
£20Ry) = {u |lull 20 i= [ e*Ju(@)[?dz < oo},

HYY(RL) := {u € L2*(Ry) | ug € L2Y(Ry)}.

~ Theorem 3. (Algebraic decay rate) .
f'(0) < 0, wu(t,z): Global solution of (3), ¢(z) : Stationary wave

Eo :=|lug — ¢l g1 + lluillyz (> 0), Ep k1
k = |u() — ¢llg1 < CEa(1+t)"/2. )
- Theorem 4. (Exponential decay rate) N

f(0) <0, Eg:=|uo—ollgis+luillzs (8>0), Ey<1

= Ja>0 st |u(t) — oy < C’Eﬁe_o‘t.




2. Outline of the proof

Outline of the proof of Theorem 2.

e Characteristic curvell Successive approximation
— EXxistence of the local solution

e Weighted L2 energy method (c.f. Hashimoto-Matsumura '08)
—= A priori estimate

v(t,z) ;= u(t,z) — ¢(x)
oy —vax + v+ (f(@+0) = f(8)) =0,

v(0,z) = vo(x) == up(z) — ¢(x), v:(0,z) =vi(z) 1= ui(z),
| v(t,0) = 0.

!

v(t,z) ;= w(d)v(t,z), wldWeight (c.f. Mei-Matsumura '97)
(wiy — (w)ae + wi + (f(¢ +wb) — f(8)) =0,
— J0(0,2) = 9g(x) :=vg/w, v:(0,x) = v1(x) := v1/w, (4)

| 5(t,0) = 0.




20 X () + 7 x (4) =

1
(E+ Do)t + D1+ §D2 + (Fy — F»)z = 0. (5)

where
E = wif + w2 + %wﬁQ + Wi o,
D1 = wif + wiz +2(f'(¢ + v)w — wy ) Tz,
Dy = —wra® +26s [ (£/(6+wn) = 1'(9))dn + 26z [ 1'(¢ +wnu'ndn,
v 1 5

Fi = (£(o+wd) = £())— [ (£(6+wn) = £(8))dn — Zwad

By the simple calculation, we have
Dy = wif + wiz + 2(f'w — w' )T + 55:0(7)),

Do = ¢u(f'w — " £)3? + ¢0(|5]?)
In order to get the a priori estimate, we have to make a positivity for
D1 and Dy. = Choose the weight function w !
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Weight function.

f7(0) >0 «— 3Fv, Ir st. f"(w)>v for we[—r,r]

~Lemma 5.
Put

w(e) = f(¢) +6g9(p), g(u) = —u2™ + 2™

Then, there exists 6 and m s.t.

D e<w<C (i) fl'w—w"f>e¢, (i) (ffw—uw'f)? < w?

for ¢ € [uy, 0], where ¢ and C are positive constants.
_

Flw)
- FARYE
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By using Lemma 5, we have

Dy > c(57 +7;), Do>ce¢e®” for |lv]pe < 1.

Thus, integrating (5) on (0,t) x R4, we obtain the following a priori
estimate :

[t v )22 + [ G, 0) () Z2dr

t roo 5
4 /O /O bpv2drdr < CEy.

(Here we use the simple relation E ~ v + v2 + v?.)
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Outline of the proof of Theorem 3
(14+2)°x (4) (BeR) =

(1 +2)°(B+ Do)+ (1 + )7 (D1 + ,D2)

(6)
- B+ )" - F) + {1 +2)°(F - )} =o.
Moreover, in the Non-degenerate case: f/(0) < 0, we obtain that
1
—Fy = S(w'f = f'w)o? + O(5) = cv? for |lul|pe <1
~Lemma 6. ~

Assume f’(0) < 0 (Non-degenerate case), then we have

w/f—f/wZCa

Kwhere c IS positive constant. )

Therefore, multiplying (1 +¢)7 and integrating (5) on (0,t) x Ry and
applying the induction argument, we have the desired estimate.
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Weighted energy method.

For B,v € R, we obtain
t
1+ (o, v, IOIZ2 + [ A+ 7wt v) (D207

t 00 t
Y B b a2 Y| 2
+ @+ [T+ a) onPdedr + 8 [ (1) 0l2, dr o
t
<CER+7C | (14 I, v, 0)(D) 7207

¢
2
+6C [ A+ v) (D, dr,
where Eﬁ = |lug — Cb”Hé + ||U1||L%
Put 3=1,y=0in (7)) =
2 t 2 L2 >
| (vt, vz, v)(t)HL% +/o | (vt Ux)(T)HL%dT-F/O [v]|72dT < CET (8)

Put 3=0,vy=1in (7)) + (8) —

t
(L + DI, va, V)OI32 < CE2 +C [ (v, va, v)(0)|F2d7 < CFF
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{'Lﬁﬂﬂ1ﬂ1a 5.

D e<w<C (i) ffw—w"f>e¢ (i) (ffw—uw'f)? <w? J

Outline of the Proof of the inequality (ii) in Lemma 5.

frw—fu’ = 8(f"9=1g"),  (wu) = fW)=dg(u), g(u) = —uPMr>")

1. f"¢g >0, —fg" >0 for ue (—rr).
— f'g— f¢”" >0 for uwe (—r0].

2. —fg”" >0 for wu € [up0).
= dm (>1) s.t. f'lg— fg" >0
for w € [uy, —r].

f(u)

\g(w)
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